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Jos.
1. About the story
Of course it was not worth more than a quarter of a half, but you only read it once after all. Goodness gracious, this has been so badly written. One piece of average​ness. Yep. The highest density of grammatical errors per square para​graph. If Guthenburg had seen this, he would have become a plumber. This man is raping the idiom the numbering of the pages included. My god, this has been so badly written.

[De Ongehoorde Olivier Blunder, by Greg]

2. Abstract
In case of a reducible matrix, the block structure of the matrix in combination with the eigenvalue pattern of the matrix, provides a tool to determine the sign pattern of the semipositive Perron eigenvectors and makes better calculation of these eigenvectors possible.

3. Introduction
Since the Frobenius/Perron theorem was introduced nonnegative matrices can be divided in two classes. Those that are reducible and those that are not. Nonnega​tive irreducible matrices have nice properties. The algebraic, and therefore the geometric, multiplicity of the dominant eigenvalue is always 1. This implies that an nonnegative irreducible matrix has always a simple dominant eigenvalue and a unique lefthand and righthand Perron eigenvector. Moreover these eigenvectors are positive, which makes it in general easier to calculate them.

Nonnegative reducible matrices are causing more problems. The lefthand and righthand Perron​ eigenvectors of nonnegative reducible matrices contain zeros [Gantmacher] in several, but not all, places. We call these eigenvectors semi​positive. The algebraic multiplicity of the dominant eigenvalue can be greater than 1. This implies that the geometric multiplicity of the Perron​ eige​nvectors, and therefore the dimension of the non​negative eigenspace, is no longer certain. Our aim is to find a method that discovers the semipositive Perron eigenvectors and makes it possible to assert the dimension of the nonnegative eigenspace.

Why are we doing this? What is our interest in finding such a method? The answer to these questions will be mainly given from the econometric point of view. In closed input/output models, with multiple sectors, reducible matrices sometimes occur. The Perron eigenvectors can be seen as balanced growth paths. The right​hand Perron eigenvectors determine the balanced growth paths of the quantity produced. The positive entries in these eigenvectors show which sectors play a key role in long run production. The lefthand Perron​ eigenvectors show the balanced growth paths of the prices, and can be interpreted in an analogous way. 

Perron eigenvectors can also be used to measure interindustry linkages. The righthand/  lefthand Perron eigenvectors can be used to measure forward/backward linkages respectively. This method can compete with the methods developed by Chenery-Watana​be and Rasmussen. 

4. Definitions and Conventions
Given two vectors f and g. The following notations are used:

f»g
if fi>gi for all i.

f>g
if fi(gi for all i, and fi>gi for some i.

f(g
if fi(gi for all i.

f=g
if fi=gi for all i.

f(g
if fi(gi for some i.

Given two matrices A and B. The following notations are used:

A»B
if Aij>Bij for all i and j.

A>B
if Aij(Bij for all i and j, and Aij>Bij for some i and j.

A(B
if Aij(Bij for all i and j.

A=B
if Aij=Bij for all i and j. 

A(B
if Aij(Bij for some i and j.

In particular

If f»0
then we call f positive

If f>0
then we call f semipositve

If f(0
then we call f nonnegative

If f=0
then we call f zero

If f(0
then we call f nonzero 

The same terminology is used for matrices

Every reducible matrix N can be rewritten by simultaneous row and column permuta​tions in the form
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(I)

Where P is a permutation matrix as obtained by permuting the rows or columns of the identity matrix. The matrices on the main diagonal are all square and not reducible. For the off-diagonal submatri​ces we have at least one nonzero sub​matrix in every row. (I) is known as the 'Normal form'. A matrix is called irreduc​ible if it is not reducible. A matrix with every block, except those on the main diagonal, zero is called 'fully reducible' or 'blockdiagonal'. In what follows we shall, at certain stages, use a special case of the 'Normal form I', therefore the 'Normal form II' is defined as
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(II)

Throughout this paper we only consider nonnegative matrices (A(0).

When we have Ax=λx, with the vector x(0 and λ a scalar (real or complex), then we call λ an eigenvalue of A. The vector x is called the eigenvector associated with λ. 

The dominant eigenvalue λ* is that eigenva​lue where (λi((λ* for any other eigenvalue λi of A. Note that λ* is always real and nonnegative. A Perron eige​nvector is an eigenvector which belongs to the eigenvalue λ*. The multiplicity of λ* as a zero of the characteris​tic polynomial of A is called the algebraic multiplicity of the eigenvalue λ*. The dimension of eigenspace that is spanned by the corre​spon​ding eigenvectors is called the geometric multiplici​ty. The geometric multipli​city is always smaller than or equal to the algebraic multiplicity.

All the blocks Aii are irreducible. This implies that each of them has an unique (up to scalar multiple) real positive dominant eigenvector. We shall denote the right real positive dominant eigen​vector of block Aii by qi, and the left real positive domi​nant eigen​vec​tor by yi. The left and right eigenvec​tor of a reducible matrix A will be denoted by respect​ively v and w. v and w are of course partitioned according to the partition of A. The dominant eigenvalue of A is denoted by λ*. The dominant eigenvalue of Aii is denoted by λi. 

5. Mathematical Preliminaries
The Frobenius/Perron theorem [Takayama, 1984, p367-376]
Let A be a nonnegative irreducible nxn-matrix. Then

1) A has an eigenvalue λ*>0 such that

2) An eigenvector x*»0 can be associated with λ*.

3) The eigenvector x* is unique up to a scalar multiple; that is, if y* is an eigen​vector associated with λ*, then y*=θx* for some scalar θ(0.

4) If Ax=λx for some λ(0 and x>0, then λ=λ*.

5) If ω is any eigenvalue of A, then (ω((λ*.

6) The eigenvalue λ* increases when any element of A increases; that is, if A1>A2(0 with A1 irreducible, then λ*(A1)>λ*(​A2), where λ*(A1) and λ*(A2) respec​tive​ly, denote the λ* associated with A1 and A2.

7) The eigenvalue λ* is a simple root and is called the dominant eigenvalu​e.

When reducibility is allowed the statements become weaker.

Let A be a nonnegative nxn-matrix. Then

(a) The matrix A has an eigenvalue λ*(0 such that 

(b) An eigenvector x*>0 can be associated with λ*.

(c) If Ax(μx for some real number μ and x>0, then λ*(μ.

(d) If ω is any eigenvalue of A, then λ*((ω(.

(e) If A1(A2(0, then λ*(A1)(λ*(A2).

Note that if A is reducible, then

I. The root λ* can be zero.

II. Some, but not all, elements of x* can be zero.

III. Both x* and y*, with y*(θx* for θ(R can be eigenvectors associated with λ*.

IV. The root λ* is not necessarily a simple root.
An inverse theorem [Takayama, 1984, p392]
Let A be an irreducible nxn-matrix. Let B(ρI-A, with ρ(R. Let λ* be the dominant eigenvalue of A, and I the identity matrix. Then the matrix B is nonsingular and B‑1»0 if and only if ρ>λ*.

The subinvariance theorem [Seneta, 1981, p20-21]
Suppose T is a nonnegative irreducible matrix, s a positive number, and x>0 is a vector which satisfies Tx(sx. This implies:

a) x»0,

b) s(λ*, with λ* the dominant eigenvalue of T.

c) s=λ* if and only if Tx=λ*x.

Proof: Suppose at least one element say the ith, of x is zero. Then since Tkx(skx it follows that
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Now, since T is irreducible, for this i and any j, there exists a k such that Tij(k)>0; and since x>0 for some j, it follows that xi>0, which is a contradiction. Thus x»0. Now, premulti​plying the relation Ty(sy by q', a positive left eigenvector of T corresponding to λ*, we get


sq'y(q'Tx=λ*q'y ( s(λ*
Now suppose Tx(λ*x with strict inequality in at least one place; then the preceding argument, on account of the strict positivity of Tx and λ*x, yields λ*<λ*, which is impossi​ble. The implication s=λ* follows from Tx=λ*x similarly.

An eigenvectortheorem (special case) [Dietzenbacher, 1991, p216]
Let A be reducible, and partitioned as follows
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with A1 and A2 square, nonnegative and irreducible. Suppose B>0. Suppose further​more that v'=(v1,v2)' is the left dominant eigenvector of A, and w=(w1,w2)' is the right dominant eigen​vector of A.

a)
if λ1=λ* and λ2<λ*
then v1»0, v2=0, w1»0 and w2»0.

b)
if λ1<λ* and λ2=λ*
then v1»0, v2»0, w1=0 and w2»0.

c)
if λ1=λ* and λ2=λ*
then v1»0, v2=0, w1=0 and w2»0.

with the eigenvectors all unique up to a scalar multiple.

6. Enlighting Cases
First we shall discuss a few special cases in which the subin​variance theorem plays a prominent role. These cases are simple and shed some light on how the method that we are developing works and give us insight into the structure of semi​positive eigenvectors. 

Consider the following matrix
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with all Aij(0. From the Frobenius/Perron theorem there is a semipositive eigen​vector  w (the Perron eigenvector) corresponding to λ*. If we look a the eigen​vectorequation, we have
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This means that for i=1,..n-1: wi=θyi»0 or wi=0. We shall prove that wn can not be zero. Suppose to the contrary that wn=0. Then we would have
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The Frobenius/Perron Theorem states that w>0, implying that there is a k=1,...n-1 with wk»0. Therefore
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Which is a contradiction. Therefore wn»0.

This is not a highly remarkable conclusion. Suppose that the matrix A represents an the coefficients matrix in the closed input/output model. The last sector provides inputs to all the other sectors. If the production in the last sector becomes zero, all intermediate deliveries become zero as well. This would imply that the required inputs are lacking so that the production in any sector is reduced to zero. Therefore  the entire economy will can not produce anything at all. This means that the nth sector is a key sector in this economy where the production is concerned. The dominance of this key sector is dealt with later. First a theorem is presented that will simplify our proofs and allow us to concen​trate on the main issue.

Signtheorem I
Given a matrix A in the normal form II. Then for any semipositive lefthand and righthand eigenvec​tor, v and w respectively

a)
vi is either zero or positive.

b)
wj is either zero or positive.

Proof: in the partition of normal form II, vi and wj satisfy
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When all the off-diagonal blocks in a certain row, say t, are zero, equation (6) becomes Attwt=λ​*wt. If λt=λ* then either wt=0 or wt»0 because of the irreducibility of Att. If λt<λ* then wt=0.

Now the case that at least one of the off-diagonal blocks is nonzero.

If λt=λ* for a certain row t then the inequality Attwt(λ*wt is valid, implying on the grounds of the subinvariance theorem that wt is either zero or positive.

If λt<λ*, then wt can be expressed in terms of some other wj's with j<t. That is
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With at least one Atj semipositive. The inverse matrix is always positive (due to the inverse theorem). Atjwj is nonnegative. If Atjwj is zero then no contribution is made. When this is true for all i=1,...t-1 then wt=0. Now consider the case that Atjwj is semipositive. This implies that (λ*I-Att)-1Atjwj is positive and thus wt is positive. This completes the proof for the wj's. The proof for vt is analogous (for an  alternative proof see Cooper, 1973). 

Now we continue our example. Let us suppose that λn=λ* (sector n attains the dominant eigen​value). With the help of the second equation in (2) we may write
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Applying the subinvariance theorem yields wn=bnyn, where bn is a nonzero scalar (implicitly we have assumed that bn>0, but it possible to relax on this assumption later on). Substituting this solution in equation (2) gives equation (3). So all the other wj's are equal to zero now. The entire righthand Perron eigenvector can be written as w'=bn(0,...0,​yn)', which is semipositive. Thus the dominant behaviour of the nth sector shuts all the other sectors down and all the output in the economy will come from this sector.

Let us suppose that λn<λ*. Now we can write
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The inverse-matrix is positive (The inverse theorem), every An,j(0, so wn(0 is only valid when at least one other wi(0. This is certainly true because the dominant eigenvalue has to be attained some​where. For at least one block the equation wi=biyi(0 is valid. This means that even when the nth sector does not show dominant behaviour it still will produce output together with all the other sectors which do show dominant behaviour (λi=λ*). The lefthand eigenvector does not have such a simple solution so we drop this example for a while.

A matrix which has a simple solution for both the left and the right eigenvector is
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The results on wn for the matrix in (1) hold here too, but in a more roundabout way. Using sign​theorem I it is very easy to show that
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So wn»0. In the same way we can show that v1'»0, because
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If λn=λ* then wn=bnyn and all the other wi are equal to zero. We can prove this again by the same procedure we used before but now with the eigenvector equation An,n-1wn-1+An.nwn=λwn. Simila​rily if λ1=λ* then v1'=a1q1'and all other vi=0.

Next, suppose that λn<λ*. This implies wn=(λ*I-An,n)-1An,n-1wn-1. So, wn-1(0 since wn(0. If  λn‑1=λ* then  wn‑1=bn‑1yn‑1 and the other wi are equal to zero. If λn‑1<λ* then wn‑1=(λ*I‑An‑1,n‑1)‑1An‑1,n‑2wn‑2 etc., until we find the first equation in which the dominant eigenvalue is attained. If this is the case for the kth equation the eigen​vector w will look like
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The nonzero components of this vector can be computed recursively, taking wk=yk as a starting vector and computing wk+1,...wn in increasing order. Analogous results hold for the left eigenvector by working from the other di​rection. 

Note that all components of the eigenvector which are not equal to zero are positive. In an economy structured like in (10), sectors which are "high" in the chain will produce a positive output (this holds for all sectors) down to the highest member which shows dominant behaviour. This sector will cause the sectors which are lower in the chain to produce nothing. On the other hand the lower sectors in the chain will deter​mine the prices since the lefthand eigenvector has positive parts up to the lowest sector which attains the dominant eigenvalue. The higher sectors will receive zero-prices. This fits remarka​bly well with the intuition. Key sectors high in the chain like industry and agriculture determine the extend of output. Sectors low in the chain like distributors and retailers determi​ne prices. Note that the the dot product v'w, which is in this interpretation equal to the total revenue, is normally zero. Only when the dominant eigenvalue is attained in exactly one sector then v'w>0. 

The next theorem asserts that wn»0 if every column of A contains a semipositive submatrix below its main diagonal. Similarly v1»0 if every row of A contains a semipositive submatrix left of its main diagonal.

Signtheorem II
Given a matrix A in the normal form II, consider the have following conditions 
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Then under

(a):
wn»0, and λn=λ* implies w=bn(0,...0,yn')'

(b):
v1»0, and λ1=λ* implies v=a1(q1,0,...0)'

Proof: 

Suppose wn=0. We look first at the (n‑1)th column. If An,n‑1(0 then wn‑1=0. Now look at the (n‑2)th column. If either An,n‑2 or An‑1,n‑2 is not equal to zero then wn‑2=0 etc. Until we reach the first column. Every wi is now equal to zero, but this a contradic​tion in the view of the Perron/Fro​benius theorem. So a nonzero Ai,j in every column is a sufficient condition to ensure that wn»0.  The proof for v1 is analogous to this argument. If λn=λ* then all the wi in nth equation are set to zero. Surely wn‑1 is between them because condition (a) is valid and this means that An,n‑1(0. So now look at equation n‑1 too. There is now a Ai,n‑2(0 in either equation (i=) n or n‑1. This means that wn‑2=0. This story repeats itself until the first equation, making every wi, except of course wn, equal to zero. The proof for the left eigen​vector is again analogous.

Signtheorem III
Let A be a matrix in normal form II and let its subdiagonal be composed of semi​positive matrices (that is, Ai,i‑1>0 for all i=2,...n). Then the other blocks in the matrix don't matter in determining the sign-pattern of a semipositive left and the right eigenvector. Moreover these semipositive eigen​vectors satisfy
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Where
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Proof:

If these other blocks (Aij with j(i‑2) are zero then we have (10). This matrix has all the properties of signtheorem II. If we add a nonzero Aij-block to this matrix then this does not form an additional restriction on the eigenvectors. The blocks on the subdiagonal form are a sufficient condition to ensure that v1 and wn are positive.

As for the other wj, they are certainly zero if λn=λ*. When this is not the case then wn can surely be expressed in terms of wn‑1.

That is
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(14)

If λn-1<λ* then wn‑1 can surely be expressed in terms of wn‑2, etc. Until we find a block Akk for which λk=λ* (it has to be some​where). Now k=M by definition. As before all the other wj (j<M) are equal to zero and wM=bMyM. This means that
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The expression for wM+2 becomes
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Etc. Because all the Ai+1,i are semipositive, Ai+1,iyi are semipositive. The inverses are always positive and thus wM,...wn are positive. The terms that contain the other blocks have nothing to add to that. This completes the proof for the right eigenvector. The proof for the left eigenvec​tor is of course analogous.

7. Finding Semipositive Eigenvectors
The preceding section discussed several special cases of reducible matrices, but this was not our aim. Our aim is developing a method to find all nonnegative eigenvectors of a reducible matrix and to explain their behaviour. We saw that not the pattern of the eigenvalues was the most important factor, but the blockstructure of the matrix itself. The off-diagonal blocks determine the relation​ships that the classes/diagonalblocks have to each other. We can use these relationships to find out how the eigenvec​tors are build up. As before we shall illustrate the general idea by a convenient example, but first some additional definiti​ons are introduced (See also Zijm, 1983, Ch.2). 

Definition 1:
The term 'having access to' depends on the eigenvector which is taken into consider​ation.

lefthand eigenvector: A class j has access to class i iff Aij is semipositive.

righthand eigenvector: A class i has access to class j iff Aij is semipositive.
Definition 2:
A class is said to be initial if no other class has access to it. (I).

A class is said to be final if it has no access to any other class (F).

A class which is neither initial nor final is called a transitclass (T).

A class which is both initial and final is called isolated (ISO). 

Remark: The definition of an isolated class is rather different than the definition used by Gantma​cher.

Definition 3:
The set of all initial classes with respect to the lefthand/righthand eigenvector is denoted by Il/Ir.

The set of all final classes with respect to the lefthand/righthand eigenvector is denoted by Fl/Fr.

The set of all transit classes with respect to the lefthand/righthand eigenvector is denoted by Tl/Tr.

Remark: Il(Fr, Ir(Fl, and Tl(Tr. 

A class i belongs by definition to Il iff Aij=0 for all j. This is exactly the definition of Fr, so Il(Fr. The other proofs are analogous. Since Tl(Tr we shall denote, if necess​ary, the transit classes by T.

Definition 4:
If a class attains the dominant eigenvalue we call this class basic (B).

A class which does not attain the dominant eigenvalue is called nonbasic (NB).

Remark: It is obvious that the number of basic classes is equal to the algbraic multipli​city of λ.

Our convenient example will be the matrix
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We can make two directed graphs of this matrix with the following rules corre​spon​ding to the lefthand and the righthand eigenvector.

lefthand eigenvector: If Aij is semipositive draw an arc from j to i,

righthand eigenvector: If Aij is semipositive draw an arc from i to j. 

Note that an arc is drawn when a class is said to have access to another class. The picture for our example now looks as follows. 
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Now we label the classes according to the their structure characteristics. The picture then becomes.
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The corresponding eigenvector-equations are:



[image: image28.wmf]w

=

w

A

+

w

A

w

=

w

A

+

w

A

w

=

w

A

+

w

A

+

w

A

w

=

w

A

w

=

w

A

w

=

w

A

+

w

A

w

=

w

A

w

=

w

A

      

v

=

A

v

v

=

A

v

+

A

v

v

=

A

v

+

A

v

v

=

A

v

+

A

v

v

=

A

v

+

A

v

v

=

A

v

v

=

A

v

+

A

v

+

A

v

v

=

A

v

8

*

8

88

7

87

7

*

7

77

4

74

6

*

6

66

5

65

2

62

5

*

5

55

4

*

4

44

3

*

3

33

2

32

2

*

2

22

1

*

1

11

8

*

88

8

7

*

87

8

77

7

6

*

76

7

66

6

5

*

65

6

55

5

4

*

74

7

44

4

3

*

33

3

2

*

62

6

32

3

22

2

1

*

11

1

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

¢

¢

¢

¢

¢

¢

¢

¢

¢

¢

¢

¢

¢

¢

¢

¢

¢

¢

¢

¢

¢

¢

2
(18)

We shall use the graphs as a priority scheme to determine the equations that are most influenti​al on the behaviour of the semipositive eigenvectors. Suppose that the classes 1,2,4,5, and 6 are basic classes. In that case we have the following graphs for both the eigenvectors.
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2
Now take the righthand eigenvector. Begin with the highest possible initial class (in this case class 8). This is the safest way, since a higher class can only point to lower classes. Class 8 is nonbasic. For a nonbasic class t in general the eigenvector equation can be written as
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When Atj is semipositive there will be an arc from class t to class j in the graph. When Atj=0 then no arc is drawn. So the eigenvectorpart of a nonbasic class can be expressed in terms of the eigenvector​parts belonging to classes to which it is pointing directly in the graph. In this case the eigenvector​part of class 8 can only be expressed in terms of the eigenvectorpart of class 7. Class 7 is nonbasic too, so it can be expressed in terms of the eigenvectorparts which belong to class 6 and class 4. Both classes are basic. What happens if a class t is basic? As before write wt=btyt and all the other wj of the classes j to which class t is pointing are set to zero. In this example write w6=b6y6, w5=0 and w2=0. Furthermore w4=b4y4.

Here it is neccessary to take a little sidestep. Suppose that we did not begin with class 8, but with class 3 instead. Then we would have argued as follows. Class 3 is nonbasic, so w3 can be expressed in terms of w2, that is w3=(λ*I‑A33)‑1A32w2. Since class 2 is basic set w2 equal to b2y2 which yields
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In this vector w2 and w3 are both positive. However, w2 is known to be zero, and so is w3, because w3 still can be expressed in terms of w2. The potential eigenvector in (20) therefore vanishes in order to avoid inconsisticies.

This example shows that it makes sense to start the computation of the semi​positive left​hand​/ righthand Perron eigenvector with the lowest/highest initial class. By doing otherwise one may easily be forced to revise the results.

Going back where we stopped, we see that since w7 can be written in terms of w6 and w4. We have
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w8 can be expressed as
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Together with the fact that class 1 is a basic isolated class, so w1=b1y1, we can summarize our results as
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We have found three semipositive eigenvectors by assuming that the bi's are positive, but of course any linear combination of these vector belongs to the eigenspace. So, we can relax on this assumption and take one or more of the bi negative if this suits our purposes.

We turn to left eigenvector in order to find the semipositive eigenvectors there. We start now with the lowest class, that is class 1. Since this is a isolated basic class we write v1=a1q1. Now we turn to class 2. This is a basic class, and so v2=a2q2, v3=0 and v6=0. Here we see what happens when an eigenvectorpart is zero. It sets the eigenvectorparts of the classes to which it is pointing equal to zero too! Thus v6=0 implies v7=0, which implies v8=0. This leaves the initial classes 4 and 5. Both of them are basic so we write v4=a4q4 and v5=a5q5. Summarizing these re​sults we find
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Using this method it is easily seen that if the final classes are exactly the set of basic classes a positive eigenvector exists [Gantmacher, 1964][Zijm, 1983, ch.2]. In the next section it is indicated that the method finds all semipositive Perron eigenvectors (see also Cooper, 1973, for a formal graph theoretical approach). 

8. Finding Other Eigenvectors
In the preceding example (17) we have found four lefthand Perron eigenvectors and three righthand Perron eigenvectors. This means that there is at least one right​hand Perron eige​nvector missing since the dimension of the righthand eigenspace is equal to dimension of the lefthand eigenspace. It turns out that the missing righthand Perron eigenvector must have negative and positive parts. Moreover the nonzero parts of this Perron eigenvector has zeros in places where the semipositive Perron​ eigenvec​tors have positive parts. Therefore the missing eigenvector can not be part of the nonnega​tive eigenspace. In general eigenvectors like these exist when a basic class points to two or more other basic classes, either directly or indirectly. In our example this occurs with the righthand eigenvector at class 6. This class is pointing directly at classes 2 and 5. Both of which are basic.

[image: image36.jpg]Righthand Eigenvector

B 6

/\
B 2 B 5





3
The eigenvector equation corresponding to this picture is
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Now, take w2=b2y2, w5=b5y5 and let q6' satisfy q6'A66=λ*q6'»0 then
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Therefore
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Both the numerator and the denominator are positive. So, b2 and b5 must opposite in sign. To obtain w6 we may proceed as follows. Rewrite equation (25) in the form
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with b2 and b5 satisfying equation (27). Define
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where a6s is scalar, a6r' a row vector and a​6c a colum vector. The matrix A66(‑1) is obtained by deleting e.g. the first row and column from the matrix A66. Partition w6 accordingly by writing w6= (w6s ; w6c')'. Observe that since A66 is irreducible, the dominant eigenvalue of A66(‑1) is smaller than λ. Hence (λI‑A66(‑1))‑1>0. This inverse is not necessarily positive since the matrix might be reducible. Let G=(0;I66(‑1)), then
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thus
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